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Abstract: Local regression methodology called geographically weighted regression
(GWR) is used in a variety of fields to capture spatial variation or spatial nonstationarity of a regression analysis by allowing parameters to vary across space;
however, application to spatial interaction model is much more complex. The complexity comes from the fact of measuring distances between flows, whereas each
flows contains two regions. Because an origin-destination flow is a pairwise of origin
and destination region, the weighting of both origins and destinations is preferable
in order to consider geographical neighbors of flows in the GWR framework. In this
paper, we propose GWR for an unconstrained gravity model, in which a weighting kernel is a mixture of origin-based and destination-based kernel. Weighting
specification for the model is somewhat equivalent to that of geographically and
temporally weighted regression, where a spatio-temporal kernel is constructed with
a combination of spatial and temporal weight matrix; therefore the estimation procedure would be carried out in a standard manner of GWR. The estimation result
using the interprefecture migration flow data of Japan is examined to see the effectiveness of our proposed method.
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Introduction

Since the development of the gravity model, spatial interaction models are often
used for modeling flows between origins and destinations. Even though the gravity
model is a classical one and has a long history, it has been widely used in a variety
of fields, such as predicting flows in the transportation field and factor analyses in
the economic field, and it is still recognized as a strong tool for modeling spatial
interaction behavior. As noted by Sen and Smith (1995) in their monograph,
the reasons for the popularity of the gravity model include the simplicity of its
mathematical form and the intuitive nature of its underlying assumptions.
On the other hand, local regression methodology called geographically weighted
regression (GWR) is used in a variety of fields for spatial data analysis to capture
spatial variation or spatial nonstationarity of a regression analysis by allowing parameters to vary across space. However, the number of studies on GWR modeling
of gravity model is only a few. Nakaya (2001) had applied the GWR approach to
gravity model, however, gravity model used in the study was an origin-specific (or
origin-constrained) gravity model, and it had only considered geographical weighting of a destination-base kernel.
The objective of this study is to develop the GWR approach for unconstrained
gravity model with geographically weighting of origin-based and destination-based
kernel. The complexity comes from the fact of measuring distances between flows,
whereas each flows contains two regions. Because an origin-destination flow is a
pairwise of origin and destination region, the weighting of not only both origins and
destinations but also the combination of origin-destination is preferable in order
to consider geographical neighbors of flows in the GWR framework. In this paper,
we propose GWR for an unconstrained gravity model, in which a weighting kernel
is a mixture of origin-based and destination-based kernel. Weighting specification
for the model is somewhat equivalent to that of geographically and temporally
weighted regression, where a spatio-temporal kernel is constructed with a combination of spatial and temporal weight matrix; therefore the estimation procedure
would be carried out in a standard manner of GWR. We also show the validity of
the methodology through an empirical application to the interprefectural migration
flow data in Japan.
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Geographically weighted regression
The GWR model can be expressed as follows:
yi = βi0 +

p
X

βik xik + εi ,

(1)

k=1

where yi is the dependent variable at location i, xik is the kth explanatory variable
at location i, βi0 is the intercept parameter at location i, βik is the coefficient pa2

rameter of kth explanatory variable at location i, and εi is the random disturbance
at location i.
Therefore, unlike ordinal regression model, GWR allows coefficients to vary
across locations. The coefficients are estimated via weighted least squares, where
each observation is weighted according to the distance from location i, and matrix
notation of the estimators is expressed as
β(i ) = [X0 W(i )X]−1 X0 W(i )y

(2)

where β(i) is the p + 1 dimensional vectors of local coefficients at location i, X is
the n × (p + 1) matrix of explanatory variables including 1s as the intercept, y is
the n dimensional vector of dependent variables. W(i) is the n×n diagonal matrix
at location i that put more weights on observations that are closer to the location
point
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which is calculated based on a given kernel function. There are various choices for
the kernel functions, such as the bi-square function, the Gaussian function, and
the exponential function. This study uses one of those famous and commonly used
kernel functions; the Gaussian function
(  )
2
dij
,
(4)
wij = exp −
b
where dij is the distance between location i and j, and b is the bandwidth of the
kernel. Other than the coefficient parameter β, the kernel bandwidth b is also an
unknown parameter that has to be estimated in GWR model. The well-known
method for finding the kernel bandwidth is by leave-one-out cross-validation. In
this method, the bandwidth is estimated that minimizes cross-validation (CV)
score
n
X
CV =
[yi − ŷ6=i (b)]2
(5)
i=1

where ŷ6=i (b) is a predictor at location i using data excluding location i. A drawback
of CV method is that CV is an indicator of goodness-of-fit, and may lead to overfitting of the model. On the other hand, deriving the bandwidth by minimizing the
Akaike Information Criterion (AIC) provides a trade-off between goodness-of-fit
and degrees of freedom (Fotheringham et al., 2002). The AIC for GWR is:


n + tr(S)
(6)
AIC = 2n log(σ̂) + n log(2π) + n
n − 2 − tr(S)
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where σ̂ is the estimated standard deviation of the error term
v
u n

uX
t
(yi − ŷi ) (n − 2tr(S) + tr(S0 S))
σ=

(7)

i=1

and S is the hat matrix where each row is defined as
Si = Xi (X0 W(i)X)−1 X0 W(i).

(8)

Once the appropriate bandwidth is estimated, the estimated bandwidth is substituted to equation (4) to construct the weighting matrix at each location, and then
local coefficients for each location are estimated with equation (2).
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GWR for OD flows

The classical gravity model exhibits a flow from origin region i to destination
region j with variables that indicate the characteristics of the origin and destination
regions, respectively, and the distance between the two regions. The logarithmic
transformation of the gravity model produces a least-square linear regression type
of the model, as shown in the following equation:
y = α1n + Xo β + Xd γ + θd + ε

(9)

where Xo and Xd are n2 × k matrices containing k explanatory variables for each
origin and destination region, respectively, with associated k × 1 parameter vectors
β and γ. Variable d is an n2 ×1 vector of distances and θ is an associated scalar that
is known as a distance-decaying parameter, which reflects the effect of distance.
The additional n2 × 1 vector of elements with the scalar parameter α is used to
form a constant term. In this type of linear regression gravity model, the n2 × 1
disturbance vector ε is assumed to be i.i.d.
A point at issue regarding integration of GWR framework into the gravity
model is the construction of the weight matrix W. As explained in the previous
section, GWR puts weight on each local model according to the distances between
observation points, which can be carried out with ease in case of point data or
areal data. In case of flow data, however, one flow observation comprises of two
locations—origin and destination regions. As a consequence, definition of distance
for flows is to consider both origin-based and destination-based distances, and combine them to form a flow distance. The idea of combining different sets of distance
measures to a single distance measure can be often seen in spatio-temporal data
analysis, and Huang et al. (2013) use this idea to extend GWR to geographically
and temporally weighted regression. A point of difference is that whereas location
and time are measured in different units in spatio-temporal data, origin-based and
destination-based distances are measured in same units, and there is no need to
encounter with different scale effects problem.
4

Following Huang et al. (2013), if the Gaussian function is used for construction
of weight matrix for flows, we will have:
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Therefore, if the origin-based distance Dij
and the destination-based distance Dij
are given, the weight matrix for flows can be expressed as the product of originbased and destination-based kernels. Now the only question remains to the speciD
O
.
and Dij
fication of Dij
For specifying distances for origin-based and destination-based, we employ the
idea of LeSage and Pace (2008), whose interest was to construct spatial weight
(contiguity) matrices of spatial econometric model for flow data. When a flow
from origin region A to destination region B exists, we consider following flows as
neighbors of the flow (Figure 1):
(a) Origin-based: flows from neighbor of origin A to destination B.
(b) Destination-based: flows from origin A to neighbor of destination B. and
O
put weights according to distance between regions. Consequently, Dij
is the distance between A and origin of flow j if destinations of flow i and j coincide, and
D
0 otherwise. Similarly, Dij
is the distance between B and destination of flow j if
origins of flow i and j coincide and 0 otherwise.
D
O
.
Slight modification is needed for equation(10) given the above Dij
and Dij
O
D
When flow i and j do not have the same origin or destination, then Dij = Dij = 0
OD
and wij
= 1, meaning that flow i would have a huge weight on flow j even though
j are not considered to be a neighbor of flow i.
To avoid above problem, we modify equation (10) as shown below:
(
OD
O
D
wij
, if Dij
> 0 or Dij
>0
∗OD
wij
=
(11)
0,
otherwise

Note that the kernel weighting Nakaya(2001) had applied is the special case
when we only consider destination-based kernel (bO = 0), and will constrain gravity
model equation (9) to the origin-specific model:
y = α1n + Xd γ + θd + ε

5

(12)

Similarly, when we consider origin-based kernel only (bD = 0), the destinationspecific model will be applied
y = α1n + Xo β + θd + ε

(13)

In the use of the unrestricted gravity model of euqation (9) in the GWR framework
for flows, we implicitly assume bO > 0 and bD > 0.
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4.1

Application
Data

In this section we present an application of our GWR for OD flows. The OD flow
data this study uses is the interprefectural migration flow (logged) in 2006 from the
basic resident register migration report of Statistics Bureau of Ministry of Internal
Affairs and Communications in Japan. The study has excluded okinawa prefecture
since it is an isolated island located far from other prefectures. Therefore, the
number of prefectures in this data is 46, which makes the number of observed
flows to be 46 × 45 = 2070, since we have excluded intraregional flows from the
data. For explanatory variables indicating characteristics of origin and destination
regions, the following six variables in 2005 are chosen: the log of population, the
log of inhabitable land area (km2 ), the proportion of the population under age
14 years, the degree of unemployment, the proportion of the tertiary industry
employee, and the log of per capita income. We employ the Euclidean distances
(logged) between the centers of population for each prefecture as the definition of
the distance variable.

4.2

Estimates results

We have estimated four types of models: origin-specific model (bO = 0),
destination-specific model (bD = 0), and two unrestricted model considering originbased and destination-based kernel weighting. One of the unrestricted model assumes the bandwidths of origin-based and destination-based to be equal (bO = bD ),
and the other model does not have any restriction to the bandwidths. Note that
the origin-specific model is the type of model Nakaya (2001) had used. Table 5
illustrates the estimated bandwidths of the four models in km and their AICs
calculated by equation (7). It is clearly shown that AICs of unrestricted models
are considerably lower than the origin-specific or the destiantion-specific model,
indicating that taking origin and destination-based kernel weighting would substantially improve the model. To see whether the improvement of model is caused
only by the increase of explajnatory power due to the increase of explanatory variables, Table 5 also illustrates AICs for each global regression model. From AICs
of global models, it is true that the increase of explanatory variables contributes
6

to the model improvement; however, when we look at the ratios of AIC-global and
AIC, the unrestricted models have higher ratios.
It is notable that the bandwidths of two unrestricted models do not vary much.
Rather, the restricted bandwidth is approximately the mean of two bandwidths
in the unrestricted bandwidths model. Also, the difference of AIC between those
two models are negligible but unrestricted bandwidths model has slightly lower
AIC. Therefore, when a researcher’s interest is on the improvement of the model
itself, then restricted bandwidth model may be used since deriving a bandwidth is
easier and has less computational burden. On the other hand, unrestricted bandwidths model has the advantage of making an inference on nonstationarity of flows
by comparing and examining derived bandwidths of origin-based and destinationbased kernels. Table 5 shows parameter estimates of GWR with unrestricted bandwidths and standard global regression model for comparison. Estimates of GWR
are shown in quantile summary for simplicity. Some of the variables have high
variances, such as under age 14 population and unemployment population for both
origin and destination. These might be occurred since a variable is not significant,
and in fact those variables are not significant at 5% level on the global model.
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Conclusion

This paper has considered the GWR framework for unconstrained gravity model.
As with the geographically and temporally weighted regression framework of Huang
et al. (2013), the study has constructed kernel weighting for flows as the combination of both origin and destination kernel weighting. The idea of making spatial
weight matrices for spatial econometric model for OD flows (LeSage and Pace,
2008) is employed here for the specification of geographical neighbors of a flow.
The application to interprefectural migration flow data in Japan clearly shows
that taking both origin-based and destination-based kernel weighting into account
would substantially improve the model.
More general specification of distance for flows is needed for future work. This
paper only consider flows that have the same origin or destination are considered
as neighbors, however, it would be desirable to consider flows from neighbor of
origin A to neighbor of destination B. The specification of this type of contiguity
is called origin-to-destination based in LeSage and Pace (2008), and it would be of
our future work to examine whether this type of kernel weight could be applied in
the GWR framework.
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Table 2: Parameter estimates
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